INTRODUCTION
The basic problem of integral geometry is to recovery a function f in ‫ޒ‬ n Ž . or on a manifold from the knowledge of its integrals over geometric objects such as lines, curves, hyperplanes, d-planes, spheres, balls, etc. We call these integrals Radon transforms, or more precisely, line transforms, ball transforms, and so on. w x In 1917, Radon 9 defined the classical Radon transform that integrates functions on planes in ‫ޒ‬ 3 . From this beginning, others have defined more general Radon transforms such as the hyperplane transform, the d-plane transform, the sphere transform in ‫ޒ‬ n , etc. There are many elegant results in this area.
In general, the simplest problem in ‫ޒ‬ n for the sphere transform is over spheres with arbitrary center and arbitrary radius. One can suppose Ž n . f g C ‫ޒ‬ , and H f s 0 for all spheres S. Then f s 0. The proof of this vergence theorem and the continuity of f at x, 1 f x s lim f .
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This inversion formula implies injectivity. This is a trivial case. The interesting problem is how to minimize hypotheses in the above result. For instance, can we weaken the above hypothesis to be ''all spheres under some restrictions on the both the set of centers and the set of radii''? A number of people have worked on this w x w x w x problem such as Agranovsky and Quinto 1 , Berenstein 2 , John 6 , w x w x w x w x Delsarte and Lions 3 , Flatto 4 , Smith 11 , and Zalcman 13 , etc. In 1980, Zalcman summarized previous works and proved the classical twosphere theorem, an injectivity under restrictions on radius r in ‫ޒ‬ n : if the integral of f over every sphere in ‫ޒ‬ n of radii r and r is zero and r rr is 2 w x then f is zero 14 . One can see that the classical two-sphere theorem has weight function s 1 and has the exceptional set E . Here E is a set of general weights. In this article we prove a general two-sphere theorem for general Radon transforms in ‫ޒ‬ n with arbitrary nowhere zero real analytic weights. Our main theorem in ‫ޒ‬ n is: . Assume f is zero in the -neighborhood of S y , r for some which is not too small. We first discuss some differences between the classical two-sphere theorem and our general two-sphere theorem. Comparing to the classical two-sphere theorem one can see that our theorem needs the additional restrictive assumption: f s 0 in a small open set. In this respect, our theorem has a more restricted hypothesis than the classical two-sphere theorem. But our theorem is valid for all nowhere zero real analytic weight functions. This is less restrictive than the classical two-sphere theorem. Our theorem has the exceptional set ‫.ޑ‬ The classical two-sphere theorem has the exceptional set E . Also, our general two-sphere theorem holds in
<Ž . real analytic function on the set x, y , , g ‫ޒ‬ = ‫ޒ‬ ¬ x, y y Ž .< 4 , s r which is never zero on its domain of definition. Under the above condition of the integral of f over the circles, if r rr f E , then f 1 2 4 is an entire function. Since our theorem assumes that f s 0 in a small Ž open set, this implies our theorem is true for r rr f E when s y y 1 2 4 . Ž . y q i x y because an entire function which is zero on an open set Ž is identically zero. Also, our theorem is true for r rr f ‫ޑ‬ when s y y 1 2 . Ž .
2 y q i x y . These facts imply that in ‫ޒ‬ , for this , our theorem is true for r rr f E l ‫.ޑ‬ However, we already know that the exceptional 1 2 4 set of our theorem is E l ‫ޑ‬ in ‫ޒ‬ 2 for s 1. If we can show that 2 E l ‫ޑ‬ is a different set from E l ‫,ޑ‬ then we have different exceptional 2 4 sets for different weights. that each radius in our discussion below is less than the injectivity radius Ž . . Furthermore, we make the following definitions. Let S y, r be the 
Two Radius Support Theorem in ‫ޓ‬

Ž .
n Define P f y to be the sphere transform on geodesic spheres in ‫ޓ‬ of , r radius r with a nowhere zero real analytic weight function defined on ÄŽ . We now consider an analogous theorem in ‫ސޒ‬ n . Here, we assume is a ÄŽ .
n n nowhere zero real analytic function defined on Z s x, y g ‫ސޒ‬ = ‫ސޒ‬ Ž . 4 n ¬ d x, y s r . Our main theorem in ‫ސޒ‬ is: 
.2. Let a and b be positi¨e real numbers such that -
2 2 a a q b X n n Ž . Ž . Ž . and is irrational. Let R g , . Let f g C ‫ސޒ‬ or f g D D ‫ސޒ‬ . Let 0 b 2 2 n Ž . g 0, y R . Let y g ‫ސޒ‬ . Assume f equals zero in the -neighborhood 0 0 2 Ž . w x Ž . of S y ,
PRELIMINARY RESULTS
In order to prove the main theorems, we need some preliminary results. Ž . Proof. The proof of this lemma follows from Polya and Szego's resultẅ x w x 7, p. 88, No. 166 . In their result, the set A is equidistributed in 0, 1 , w x which implies A is dense in 0, 1 by the definition of the equidistribution w x 7, p. 88 .
Preliminary Results in ‫ޒ‬
We will use the canonical identification of ‫ޒ‬ and ‫ޒ‬ via the standard basis to identify vectors and covectors.
In order to use Quinto's microlocal regularity theorem to prove our two-radius support theorem, we need to discuss properties of antipodal a b points of spheres with radius or . As we will explain below, this reduces 2 2 to properties of points and segments of length a and b in an interval of length R . Proof. Let a X s arR and b X s brR . Then, a X rb X is still irrational and
; then S is dense in w x Ä 0, 1 . This implies that the set S s na y mb ¬ n G 0, n, m g ‫ޚ‬ and na y w x4 w x mb g 0, R is dense in 0, R . This proves the lemma.
0 0
The next lemma shows that for every two points in S, a sequence of segments of length a and b can be chosen to join these points and such w x that each segment lies in 0, R . Proof. Note that 0 g S. So it is sufficient to show that, for each point na y mb g S, 0 and na y mb can be joined by a finite union of segments that satisfy hypotheses of this lemma. Let na y mb g S. We consider two cases. Let l , l g ‫ޒ‬ . Define l l to be the segment from l to l in ‫ޒ‬ . 
Ž . hood of the segment l q l y and P f y s 0 in the -Ž .Ž .
for each point p in the segment l l . given p g l l and for the given ) 0, by the Density Theorem 2
First we want to show that x, " and with center at the midpoint of a segment. Because I is a diameter sphere with center at the midpoint of x x and the diameter x x for iy1 i i y1 i i s 1, . . . , k.
Next we want to prove that for each point p in the segment l l ,
for each x g L, and we 0 can shift our sequence of spheres in the last paragraph by ␦
As ␦ is arbitrary in y␦, ␦ and as L is dense in l l , the n C x, y ; ‫ޓ‬ to be the unique function satisfying:
h t is the unique point on C x, y that is x y X Ž t units from x in the half circle C starting at x and containing y see . Fig. 3.2.2 .
For t g , , h t is the unique point on C x, y that is
x y 2 y t units from x and not on C X .
Ž .
3 h is defined periodically of period 2 for other t. 
Ž . Ž .
x y x y x y x y w . for each real number t. Therefore, h is a diffeomorphism from 0, 2 to 
for i s 0, . . . , k y 1.
, and h S s S . The real projective space ‫ސޒ‬ n is the set of equivalence classes of points in ‫ޓ‬ n where x is equivalent to y if x s "y. Using the definition of the 
EXTENSIONS TO RIEMANNIAN MANIFOLDS
w x In a separate paper 15 , we prove that the basic two radius theorems proven above for ‫ޒ‬ n , ‫ޓ‬ n , and ‫ސޒ‬ n are true for any real analytic manifold Ž . as long as R -I for all y g B y , R . 
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